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Abstract 

Evidence for Biot slow wave data in 3D ultrasound tomographic (3D UT) data from an orthopedic scan is 

shown by segmentation interior to Bone. Previous results have shown the quantitative accuracy of the 3D 

ultrasound volography method for ligaments, cartilage, tendons, skin, fat, muscle, etc.  

Interior to bone the SOS values are lower than expected. It is known that a slow compressional wave is 

predicted by Johnson-Biot theory which has speed of sound (SOS) values independently measured which are 

similar to our values based on segmentation for trabecular bone matrix interior to bone. Values for marrow are 

determined from segmentation and are commensurate with literature values as well.  

Concepts from algebraic topology are applied to the tomographic data (the first homotopy group of the N-

torus, where N is the number of receiver elements in the array) and a quantitative comparison of the data 

redundancy with 2D algorithms is carried out.  The use of algebraic topology gives a suitable context in which 

to understand phase unwrapping issues and leads to constraints on the distance between the data acquisition 

(DA) data levels and the frequencies used in the reconstruction.  

The data redundancy comparison applies to any 3D vs 2D comparison, e.g. 3D UT compared with MRI and 

shows the much larger size of the information contributing to a single voxel in the 3D vs 2D as long as the 3D 

model for wave propagation is used. The implications of this are discussed.  

Validation of attenuation variation with frequency is shown. 
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Introduction 

Low frequency 3D ultrasound tomography has established itself as a bona fide imaging modality in breast [1, 

2], orthopedic, and pediatric scenarios. The breast scanner for QT Imaging, Inc. is FDA cleared for diagnostic 

purposes and is deployed presently in several clinics domestically and internationally, with more slated for the 

near future. The algorithm itself has been tested in a prototype scenario for the knee (orthopedics) and a whole 

pig has been imaged [3, 4]. There are in fact two distinct modalities: 1. The speed of sound (SOS) and 

attenuation (ATTEN) and 2.  refraction corrected reflection image.  

The first are obtained via the model based transmission algorithm, and the second by utilizing ray tracing 

through inhomogeneous media These are strictly proof of concept (POC) scans but do show the remarkable 

capability of the algorithm to give high resolution (~1 mm FWHM, and sub mm detectability) in refraction 

corrected reflection images even in the presence of bone and air.  

Initial results have also been obtained from ex-vivo prostates, where the clinical observability of the prostate 

cancer was compared favorably with MRI[5-7]. This was also POC, however, the initial results above with 

bone and air indicate the possibility of in vivo imaging.  

Note also that the bone in the femur and tibia is trabecular and thus is a matrix of bone structure that is filled 

with marrow.  This is ideal for modelling with the Biot wave theory of wave propagation[8].  The existence of 

the slow compressional wave characteristic of Biot wave theory has been independently verified[9-12]. We 

desire to show the reconstruction of a cadaver knee with previously verified quantitative speed of sound (SOS) 

and extend this to show the wave speed interior to the bone is commensurate with the slow compressional 



 

wave predicted by Biot wave theory. Kramers-Kronig relations and measured data have shown the frequency 

dependence of the true wavenumber, which we show experimentally[13].   

We discuss specific phase unwrapping phenomena that are understood in terms of concepts from algebraic 

topology (first and second homotopy groups of a manifold.[14]). Although not necessary, these concepts are 

the natural arena to discuss these phenomena in a comprehensive manner.[15]  

Images are displayed of relevant reconstructions of speed of 

sound and segmentations. 

Methods 

Segmentation is constrained by a 3D ellipsoid on SOS images 
from the QT Imaging scanner adapted for the cadaver knee with 
a holder to hold the knee upright in the water bath[4]. 
Segmentation of the marrow region and the trabecular bone 
are carried out independently based on speed of sound 
values[14].  

Figure 1: QT Imaging scanner, showing water bath in which, the cadaver knee was placed and scanned. 

The data are collected on a 256 by 8 row array rotating 360 degrees around the leg, then moving up 2 mm 
and the array rotating in the opposite direction and repeating until the entire leg is scanned. This data 

acquisition (DA) process can be signified by ( ) 1,l S R    giving position of the array, and the map: 
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 is the complex signal received at receiver j, 

1 8 256j N  =   for a given frequency. This is interpreted as a map between manifolds, in particular: 

( ) ( )1 1
1 1

: , , , , , , ( )N N N
N N

g l S R r r T R T T    →       (1) 

 (see below). Here we use the fact that the tangent bundle to the N-torus is trivial[14] for the identification 
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is 

the tangent plane at ( )1
, , N

N
T    , the N-torus, is given below. 

The reconstruction algorithm produces a speed of sound (SOS) and attenuation image (ATTEN) from this map 
between manifolds.  

The segmented values for the trabecular bone is taken at several locations in the femur and the tibia and 
compared with literature values for bone.  The marrow is also segmented in several places and statistics 
gathered.  

For breast and soft tissue the variable density may perhaps be ignored, but for orthopedic applications 
density should be accounted for. In the past this has been accomplished via the simultaneous inversion of 
two parameters, density and speed of sound. However, the inversion of density is ill-posed due to its dipole 
scattering .  The case for variable density could be obtained by transforming the Helmholtz equation with 

variable density via ( ) ( ) /g f x x , where  is the mass density and isolating the frequency 

independent ok  part of resulting pseudo-wave number ( )2 2 2

0fk k k  +x , which then allows the 

determination of the density.  

Thus, the variation of attenuation and SOS with frequency (the spectrum) is required. These are measured 
phenomenologically (see below).  



 

Johnson-Biot Theory:  

( )

( )
( )

2
11 12

2
21 22

ˆ ˆ .

ˆ ˆ . 0

t

t

P Q N

Q R

 

 

         
  = −                

u u u

UU
   (2) 

The coefficients ˆ
ij , N, Q, R, and P relate to mass density of fluid, dynamic tortuosity, permeability and 

viscous characteristic length and arise out of the contribution of Johnson et al.[2] and Biot’s original 
paper[16-21]. This theory predicts a ‘slow’ compressional wave: SOS =~1470 m/s (temperature and 
frequency dependent), which is slower than the standard compressional  wave[10]. 

 

Results 

Biot wave reconstruction 
Below we show the segmentation of trabecular bone for femur in all 3 views. The SOS of the segmented 
region is shown to be approximately equal to the literature value for the Biot slow wave.  

  

Figure 2: Left: axial, coronal, sagittal images of cadaver knee showing segmentation of trabecular bone and concomitant statistics. 
The speed of sound interior to trabecular bone is seen to be lower than expected but is very close to literature values for the Johnson-
Biot slow wave.(1470 m/s). See below.  

Below are segmentations of the speed of sound for tibia.  The left panel shows segmentation of the marrow 
and the resulting speed of sound estimate is 1389 m/s 

Table 1 

  

 Literature values QTUS measured values 

Marrow   ~1410 m/s 1402, 1389 m/s 

Biot slow P  wave ~1470 m/s [2, 3] 1472, 1466 m/s 

 



 

 
Figure 3 Left to right:  Coronal view, with marrow segmentation shown in red.  Axial and coronal view of cadaver knee 3D ultrasound 
speed of sound image (SOS) with bone segmented region shown in red. This has an average SOS = 1466 m/s (SD = 29.9) which agrees 
with estimates of slow P wave SOS in human femur at 0.4 – 0.8 MHz.  

 

 
Figure 4: Segmentation of marrow in tibia  based on the SOS and constrained by ellipsoid gives average value 1402.2 m/s 

 
Figure 5: Bovine tibia sample is scanned in the water bath scanner – attenuation image on right showing trabecular nature explicitly. 



 

Attenuation: 
The standard tissue model used for attenuation variance with frequency is [22] 

( ) a
o

   =
, 2 f =  

Which leads to the linear relationship: 

( ) ( )log , log log
o

x x a   = +  

The image below shows log-log plot of attenuation vs freq for UCSD-901=071-L – this was a cancer lesion as 
verified by independent Radiologists.  

 
Figure 6: top to bottom: atten at 1.3 MHz, speed of sound image at 1.3 MHz. Subsequent panels show attenuation images at 
sequentially lower frequencies to .400 MHz. This is a voxel in cancer.  



 

This result is for breast, but similar results hold for tissue (soft) in the knee. 

The results below show a power relationship between attenuation and frequency for cancer tissue. This 
relationship is typical of human tissue. Human tissue follows a power law for attenuation variance with 
frequency.   

Using formula: ( ) ( )log , log log
o

x x a   = + , the power law here is a=6.17. The power is different 

from the standard tissue where: 1<a<2 due to units used, and our attenuation, which is really /f.  

 
Figure 7: log-log plot of attenuation vs freq (.775, .8, .825, .85, .875, .9, the ROI (region of inspection) is 2 mm diameter centered in 
the known cancer lesion as determined by the speed of sound map. The speed of sound and the attenuation images are perfectly 

correlated. 

This power law dependence can be used to characterize tissue and may be useful for estimating mass 
density independently.  

Data redundancy: Volography 
One of the characteristics of using the 3D model for forward and inverse modelling is that multiple levels of 
data will thus contribute to a single level of the image. This is quite different from MRI, or when 2D models 
of wave propagation are used to model wave propagation in ultrasound tomography. (UT).  

 

Figure 8: Left the data affecting one voxel for MRI or CT; Right: data affecting one voxel with 3D volography is 200,000 times larger 
than the data affecting one voxel in 2D algorithms such as CT, MRI or 2D ultrasound tomography. Volography is 3D UT with a 3D 
model for wave propagation. 



 

The actual redundancy is determined by the height of the acoustic field. An estimated height of ~60 mm 
indicates approximately 200,000 more data are relevant in the reconstruction of one voxel than if a 2D wave 
model is used. For this reason, the term volography is used to clarify that 3D wave propagation models are 
used in the 3D UT reconstruction.  That is the reconstruction is not level by level, rather a ‘volume’ of data 
contributes to a ‘volume’ of the image simultaneously.  

Verification of tissue values: 
The segmentation is carried out for cartilage, ligaments, tendons, fat, skin and muscle tissue and is seen to 
be within (on average) 1.07%.of the literature values. These values give confidence in the quantitative 
accuracy of the method, but the values interior to bone appear to be smaller than literature values.  

 

Figure 9: Speed of sound from QTUS images compared with literature values. 

Topological considerations: 

 
Figure 10: Showing the identification of the plane with the tangent plane at a particular point on the torus. This is generalized to N 
dimensions easily and shows that the mapping to the red curve is indeed a map to the tangent bundle of the N-torus.  

The map ( ) 1,l S R    from the position of the array to the data space is signified by  
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tangent bundle at ( )1
, , N
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T     the N-torus.  This is diagrammed above and since the 

homotopically equivalent maps ( )1: Ng S T T→  form, by definition, the first homotopy group of the 

tangent bundle to the N-torus. ( )( )1
NT T , and since any path in the trivial bundle is homotopic to a curve 

on the torus, , 1: N
T

g S T→ ,  it is in fact the first homotopy group of the N-torus itself: ( )1
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known to be isomorphic to: ( )1
NT Z Z Z    [14]. Thus, a typical element is of the form 

( ) ( )1 1
, , N

N
n n T N . These give a discrete enumeration of the relevant data for 3D UT. 

This analysis shows that as one progresses up the cylinder, representing higher levels of data acquisition in 
the waterbath, the mappings may change discontinuously represented by a change in the integers making up 

the elements of the homotopy group: ( ) ( )1 1
, , N

N
n n T N , 

j j j
n n k→   for any j that changes, 

and 
j

k represents the magnitude of the change. Note, that to allow for correct phase unwrapping the 

distance between the data levels is constrained by 1
j

k =  .  

Furthermore, if the vertical height of the cylinder in Figure 12 is frequency, the frequency jumps must also be 
constrained to only allow the integers to change by unity, to allow correct phase unwrapping.  

 

 
Figure 11: The consideration of multiple maps as the data level progress upwards shows that since each is an element of the first 
homotopy group, the homotopically distinct maps can change by arbitrary integers if the distance between the levels is too large.  
Similarly, if the vertical height is interpreted as different frequencies, the frequencies must also be close enough to allow the integers 
to change by only unity, no more.  



 

Note in Figure 11 that if the top and bottom circles are mapped to distinct single points, the cylinder can be 

identified as the sphere, 2S . Thus, the second homotopy group of the N-torus is relevant as well under 
circumstances where the scanned object is small enough.  

The tomographic data is shown to be directly related to the first and second homotopy groups of the N-Torus 
where N is the number of receivers in the array (2048 in our case).  This analysis is related to the phase 
wrapping problem and is ameliorated by the use of multiple columns in the fully 2D receiver array, i.e. 3D 
redundancy. 

 

Conclusions and Discussion 

We show the importance of data redundancy quantitatively and give a unique analysis of the Biot wave data 
in a tomographic setting that utilizes appropriate tools from algebraic topology and evidence is presented 
that the Biot wave can be successfully inverted with suitably redundant data.  

There is literature evidence that the Biot slow P wave is measured and there is evidence here that this wave 
can be used to reconstruct estimates related to porosity.  

Also a quantitative assessment of relative data redundancy is given for 2D vs 3D algorithms, showing the 
importance of utilizing full 3D models in 3D UT (i.e. volography).  

We show further evidence for the slow Biot wave being used in the reconstruction of the internal bone values 

and correct marrow SOS values and indicate there is approximately 200,000 times more data contributing to a 

single voxel in the 3D reconstruction vs the 2D reconstruction. This massive redundancy results in 

quantitatively accurate reconstruction of ligaments, cartilage, muscle, tendons, etc. and perhaps reconstruction 

of bone values commensurate with Biot slow waves.  

The determination of the frequency dependence of the measured wave numbers at multiple frequencies is 

carried out and shown to obey a power law, as in other studies.[23]  

The fact that these values are close to the literature values for marrow and the slow Biot wave are supportive 

but not conclusive at this time. A full inversion of the equations in (1) would give further justification that we 

are seeing a true slow Biot wave. 
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